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ABSTRACT 


It  is  well  known  that  an  identity  may  be  added  to  any 
ring  not  already  having  one. 

The  usual  way,  for  a  ring  R  of  characteristic  zero  is 
to  form  the  set  R  =>  {(r,m)  j  r  e  R  ,  m  e  Z}  .  R  is  made  into 

A 

a  ring  by  defining  appropriate  operations,  and  R  is  embedded  in 
R^  by  the  map  r  ->  (r,0)  . 

If  R  has  characteristic  k  f  0  ,  we  use  Z^  (i.e. 
integers  modulo  k  )  in  place  of  Z  ,  and  do  everything  else  as  we 
would  when  char  R  =  0  . 

In  either  case,  R  is  embedded  as  an  ideal  of  R.  . 

This  method  of  adding  the  identity  can  be  used  on  all 
rings,  any  R-module  of  the  same  characteristic  is  in  a  natural  way 
a  unital  R^  module,  and  several  properties  of  the  two  rings  are 
closely  related. 

However,  the  embedding  does  have  some  disadvantages.  Even 
though  R  is  an  integral  domain,  prime  or  semiprime,  R^  may  not 
be.  A  subring  of  the  integers  does  not  get  embedded  in  the  integers, 
and  if  R  already  has  an  identity,  the  new  ring  is  larger  with  a 
different  identity.  An  example  of  all  these  situations  except  the 
last  is  found  in  the  ring  of  even  integers. 


. 


' 
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(ii) 


Because  of  these  objections  we  will  consider  an  additional 
method  of  adding  identity,  which  is  discussed  in  a  paper  published 
by  Dlab. 

This  embedding  produces  a  ring  which  has  closer 

relationship  to  R  and  which  carries  R  as  an  essential  idea. 

The  price  paid  for  this  improvement  is  that  -^(R)  ,  the 

K 

left  annihilator  of  R  in  R  must  be  zero  in  order  to  form  R^  . 

The  statements  about  integral  domains,  prime,  semiprime, 
torsion- free ,  and  tidy  rings  are  all  to  be  found  in  Dlat's  paper, 

J.L.  Dorroh  may  have  been  the  first  to  publish  tfie 
embedding  which  results  in  R^  .  I  do  not  know  if  Dlab  obtained 
the  embedding  which  results  in  R_  from  any  other  source. 
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CHAPTER  I 


THE  EMBEDDINGS  AND  SOME  OF  THEIR  PROPERTIES 


We  will  define  the  two  embeddings  and  consider  some  of 
their  properties. 

Let  R  be  a  ring  characteristic  k  (k  may  be  zero) . 

We  define  Z  to  be  the  integers  modulo  k  (the  integers  if 

K. 

k  =  0)  . 

On  the  set  R^  =  {(r,m)  j  r  c  R  ,  m  e  Z^}  we  define  two 
operations  by 

(r  ,m  )  +  (r2,m2)  53  (r  +  r2  ,  ir^  +  m2> 

(r1,m1)  (r2,m2)  =  (r]_r2  +  mir2  +  m2rl  »  mim2^ 

where  addition  and  multiplication  are  carried  out  in  the  appropriate 
ring,  and  m^r2  indicates  the  sum  of  r2  taken  m^  times.  This  is 
easily  shown  to  make  R^  a  ring. 

R  is  embedded  in  R  by  the  map  r  ->  (r,0)  ,  and  we 
designate  R  and  its  image  interchangeably  as  R  . 

Proposition  1. 

Every  ideal  (one  or  two  sided)  of  R  is  an  ideal  (one  or 
two  sided)  of  R^  . 


' 
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Proof : 

If  (r,0)  e  1^1  R  then  (r,0)(s,m)  =  (rs  +  mr,0)  e  I  . 
r 

A  similar  proof  can  be  given  for  left  and  two-sided  ideals. 


As  a  special  case,  R  is  a  two-sided  ideal  of  R  . 


Remark:  Since  (r,n)  is  equivalent  to  (0,n)  modulo  R  ,  we 

see  easily  that  R^/R  is  isomorphic  to  ,  where  £  =  char  R  . 

Dlab's  embedding  is  defined  in  this  way: 


Let  R  be  a  ring  with  £  (R)  =  0  .  Define 

R 

Rg  =  (R)  .  Since  £^(R)  =  0  ,  £^  (R)  n  R  =  0  so  that  R  has 

A  A 

an  isomorphic  image  in  R^  .  We  will  call  this  image  R  or,  when 

D 

no  confusion  arises ,  R  . 


Remark : 
implying 


L  (R)  =  0  .  If  (r,m)  is  in 

that  (r,m)R  c  /  (R)  .  But  then 

R  * 


4,  (R)  , 

V 

(.r  ,m)R 


then  (r,m)R  =  0 
is  contained  in 


£^(R)  =  0  ,  because  R  is  a 
annihilates  R  .  From  this , 


two-sided  ideal  of  R. 

A 

(r,m)  is  in  £D  (R)  , 


and 
i .  e . 


(r  ,m) 

(77m)  =  0 


We  have  removed  some  "extra"  integers  from  R  by  defin- 
ing  Rg  .  We  will  define  an  element  r  e  R  to  be  a  left  integer  if 
rx  +  mx  =  0  for  all  x  e  R  and  a  fixed  m  £  Z  .  In  defining  Rg  , 
we  removed 

£  (R)  =  {(r,m)  |  rx  +  mx  =  0  ,  all  x  c  R}  , 

R . 


■ 


■ 

. 
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and  in  so  doing  equated  (r,0)  with  (0,m)  .  Since  (0,m)  is  in 
the  center  of  R  ,  we  note  that  every  left  integer  of  R  is  a 
right  integer,  and  so  behaves  like  an  ordinary  integer. 

Remark :  If  r(R)  =  0  ,  we  can  establish  by  a  symmetric  argument 

that  all  right  integers  of  R  are  left  integers;  we  need  only 
define  an  embedding,  of  the  type  discussed  by  Dlab,  by  removing 
r  (R)  instead  of  £  (R)  . 

ra  ra 

That  this  cannot  always  be  done  is  shown  by  the  ring 

R  =  { (°  f )  |  a,b  e  2Z) 
o  b  ' 

in  which  t  (R)  =  0  but 
K 

r„(R)  =  «°  h  I  c  e  2Z}  . 

R  o  o  ' 

o  a 

The  left  integers,  of  the  form  (  )  ,  are  also  right  integers, 

O  SL 

■  o  c 

but,  in  addition,  we  have  right  integers  of  the  form  (q  ,  where 
c  4  d  ,  which  are  not  left  integers. 

Remark :  Since  R^  is  a  homomorphic  image  of  R^  ,  and  R  is 

isomorphic  to  R  ,  every  ideal  (or  one-sided  ideal)  of  R  is  an 
ideal  (or  one-sided  ideal)  of  R  . 

D 

Definition :  A  right  ideal  I  of  R  is  (right)  essential  if  for 

each  (right)  ideal  J^O  of  R,InJ^0. 

Remark :  Since  every  ideal  is  also  a  right  ideal,  we  see  that  right 


essential  ideals  are  also  essential. 


Proposition  2. 


(a)  R  is  a  right  essential  ideal  of  R^  . 

(b)  Every  (right)  essential  ideal  of  R  is  a  (right) 
essential  ideal  of  R^  . 

Proof :  (a) 

Let  I^flR  and  0  ^  (r,m)  e  I  . 

Since  t  (R)  =  0  there  exists  (s,o)  e  R  such  that 
*B 

(r,m)(s,o)  ^  0  and  is  in  R  since  R  ^ilR  . 

D 

Thus  I  n  R  4  0  . 

(b) 

Let  I*idR  be  right  essential  in  R  ,  and  let  J  ^  0  , 

J^iR  .  R  n  J  4  0  by  (a)  . 
r  B 

I  n  (RnJ)  ^  0  because  I  is  right  essential  in  R  . 

So  I  n  J  ^  0  and  I  is  right  essential  in  R^  . 

Remark:  This  shows  that  R„  is,  in  a  sense,  a  small  extension  of 

D 

R  .  It  is  small  in  another  sense  also  -  if  R  already  has  an 
identity,  RB  =  R  . 

We  consider  again  the  integers  of  R  when  £ij  (R)  -  0  . 

K 

If  R  has  elements  acting  on  R  as  integers,  the  corresponding 
integers  generate  a  subring  of  Z  ,  and  thus  there  is  an  element  of 
R  acting  as  "smallest"  positive  integer  in  R  .  This  integer,  corres¬ 
ponding  to  the  positive  generator  of  the  subring  in  Z  ,  is  called 
the  mode  of  R  .  If  there  are  no  integers  in  R  other  than  zero, 


mode  R  =  0  . 
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Remark:  If  mode  R  =  t  ,  (r,£)  is  in  (R)  for  some  r  4  0 

_  ra 

in  R  ,  so  that  (r,o)  =  (o ,Z)  .  From  this  we  can  see  easily  that 
Rg/R  is  isomorphic  to  Z^ 

Since  R^/R  is  a  homomorphic  image  of  R^/R  *=  Zy. 

(k  =  char  R)  ,  we  see  that  t  divides  k  ,  i.e.  mode  R  divides 
char  R  .  Thus  if  char  R  is  prime,  mode  R  =  char  R  implying 
that  R^  =  Rg  ,  or  mode  R  =  1  implying  that  R^  =  R  . 

It  will  be  necessary  to  consider  the  nilpotent  elements 

and  the  nilpotent  and  nil  ideals  of  R.  and  R„  . 

A  B 


Lemma 


has  nonzero  nilpotent  elements  iff  k  is  divisible 


by  a  nonzero  square. 


Proof :  (=)►) 

If  0  4  n  <  k  is  nilpotent  modulo  k  ,  then  k  divides 
some  power  of  n  ,  so  that  n  contains  every  prime 
factor  of  k  . 

Since  n  <  k  ,  k  must  contain  a  power  of  some  prime  p 
2 

and  p  divides  k  . 

«-> 

2  2 
Let  k  =  p  r  .  Then  pr  ^  0  mod  k  but  (pr)  =  0  mod  k 


■V  . 
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Corollary :  All  nilpotent  elements  of  R  (respectively  R  )  are 

.D 

contained  in  R  iff  char  R  (respectively  mode  R  and  char  R)  is 
square-free . 


Proof :  (===>>) 

R./R  ^  Z,  ,  k  =  char  R  . 

A  k 

Rg/R  *  ,  £  =  mode  R  , 

and  the  image  of  a  nilpotent  element  is  nilpotent . 

(<-o 

If  n  is  nonzero  nilpotent  mod  char  R  (respectively  mode 
R  and  char  R)  then  (o,n)  [respectively  (o,n)j  is  nilpo¬ 
tent  in  R  (respectively  R  )  . 

A  D 

Proposition  3. 

1  Ra  is  nilpotent  I  c  R  (o,m)  +  J  for  some 

1,2  A  '  A 

nilpotent  one  or  two-sided  ideal  J  of  R  and  a  suitable  integer 
m  which  is  nilpotent  modulo  char  R  . 

Proof : 

If  I  c  R  }  let  m  »  0  and  J  =  I  » 

If  I  4-  R  then  char  R  =  k  is  divisible  by  a  nonzero 
square.  Let  x  c  I  ~  R  . 

Then  in  R^/R  ~  ,  x  is  nilpotent. 

Let  m  =  product  of  the  distinct  primes  in  k  . 

Then  x  e  <m>  ,  the  maximal  nilpotent  ideal  of  Z^  ,  gener- 
Therefore  x  =  y  +  r  ,  y  e  R^(o,m)  ,  r  e  R  . 


ated  by  m  . 


-  7  - 


Let  J  be  the  nilpotent  ideal  R  n  (I  +  R^(o,m)) 

I  c  J  +  R^(o,m)  because  if  (r,n)  e  I  ,  then 

(o,n)  e  R  (o,m)  and  so  (r,o)  e  J  =  R  n  (I  +  R  (o,m))  . 

Pi 


Proposition  4. 

I^^LUR  a  nil  ideal  — )>  I  c  R  (o,m)  +  J  for  some  nil 

1,2  A  A 

one  or  two-sided  ideal  J  of  R  and  a  suitable  integer  m  which 
is  nilpotent  modulo  char  R  . 

Proof : 

Repeat  the  argument  for  proposition  3,  making  note  of  the 
fact  that  since  R  (o,m)  is  a  two-sided  nil  ideal 

1  nil  — ^  I  +  R^(o,m)  is  nil  . 

Remark:  Propositions  3  and  4  are  also  true  for  R^  .  We  note  parti- 

-  D 

cularly  that  m  must  still  be  nilpotent  modulo  char  R  , 

For  example,  we  have 
Proposition  3’ . 

I  ^-1  R  nilpotent  =)>  I  c  R  (o,m)  +  J  for  some  nilpotent 

1,2  B  ^ 

one  or  two-sided  ideal  J  of  R  and  a  suitable  integer  m  which  is 
nilpotent  modulo  char  R  . 

Proof : 

If  IcR}J=I}m=0  will  do  .  If  not,  consider 


x  c  I  ~  R  and  choose  m  as  before.  We  have  x 


(r  ,n) 


■ 


•  I 


. 


where  (o,n)  ^  0  and  is  outside  of  R  „  (r,n)  can  be 


nilpotent  only  if  (o,n)  is  nilpotent  and  this  means 
that  n  is  nilpotent  modulo  char  R  ,  because  the 
"integers"  (o,i)  of  R^  form  a  ring  isomorphic  to 
the  integers  modulo  char  R  . 

From  this,  m  divides  n  ,  and  x=y+r  ,  yc  Rg(o,m) 
r  e  R  .  We  define  J  -  R  n  (I  +  R  (o,m))  ,  and  show 

D 

that  I  c  J  4-  R  (o,m)  as  before. 

D 

Remark:  We  note  that  the  centers  of  R.  and  R„  are  formed 

-  A  B 

from  the  center  of  R  in  the  same  way  as  R.  and  R^  are  formed 

J  A  B 

from  R  . 

Whenever  R^  or  R^  modules  are  mentioned,  they  are 
assumed  to  be  unital.  Whenever  we  speak  of  making  an  R-module  M 
into  an  R^  or  R^  module  we  are  assuming  M  char  R  =  0  . 


'• 


x 


. 
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CHAPTER  II 


THE  RELATIONSHIP  OF  SOME  PROPERTIES  IN  R  ,  RA  AND  R„ 

A  B 


We  now  compare  the  properties  of  R^  and  R^  with  those 


of  R  . 


Proposition  5, 


R 


an  integral  domain  <(—  )>  R^  an  integral  domain. 


Proof ;  ) 

Note  that  since  R  has  no  zero  divisors,  Lr(R)  =  0  so 
that  R^  exists. 

R  an  integral  domain  —  ^>  char  R  =  0  or  p  prime  and 


so 


Rg/R  «  Z  or  . 


Therefore  xy  =  0  ,  x  ^  0  ,  y  4  0  “)■  exactly  one  of  x 


and  y  is  in  R  .  Say  x  =  (r,o)  ,  y  =  (s,n)  . 


Then  (r,o)(s„n)  =  0  —V  (s,n)  =  0  since  £  (R)  =  0 

h 


and  (r,o)  4  0 


But  this  contradicts  (s,n)  ^  0  ,  so  R  is  an  integral 

D 


domain. 


«-> 


Obvious . 


Remark:  An  example  of  a  ring  R  which  is  an  integral  domain  when 


R  is  not,  is  R  =  2Z  .  In  R  ,  (2,-2)  annihilates  R  . 

Pi.  Pi. 


■ 
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Definition :  R  is  a  prime  ring  if,  when  A  and  B  are  ideals  of 

R,AB  =  0  =)-  A  =  0  or  B  =  0  . 

Remark:  Since  -£^(R)  is  an  ideal  in  R  ,  £^(R)  =0  in  a  prime 

ring  and  R^  exists. 

Proposition  6. 

R  a  prime  ring  R_  a  prime  ring. 

'  JD 

Proof:  (<^=) 

The  implication  holds  since  every  R  ideal  is  an  R 

B 

ideal . 

<-» 

Let  A,TU^dR  ,  with  AB  =  0  . 

Then  (AnR)  (BnR)  =  0  AnR  =0  or  BnR  =  0  A 
or  B  =  0  because  R  is  an  essential  ideal  of  R^  . 
Therefore  Rfi  is  prime. 

Remark :  The  proposition  is  not  generally  true  if  we  replace  Rg 

by  R^  .  For  example,  R  =  2Z  is  a  prime  ring  of  characteristic 
zero  in  which  2Z  and  R^(2,-2)  annihilate  each  other.  In  a  ring 
of  characteristic  pq  ,  the  ideals  R^(o,p)  and  R^(o,q)  annihi¬ 
late  each  other. 

Definition:  A  ring  R  is  semiprime  if  it  has  no  nonzero  nilpotent 

"  < 

ideals . 

Remark:  Since  £„(R)  is  nilpotent,  it  is  zero  in  a  semiprime 

-  K 

ring,  so  that  R  exists. 

B 


■ 

■ 


11  - 


Proposition  7. 

R  semiprime  Rg  semiprime. 

Proof :  ( ^ ) 

The  implication  holds  since  every  R  ideal  is  an  R 

B 

ideal . 

(-» 

Let  A  be  a  nonzero  nilpotent  ideal  of  R  . 

Then  AnR  is  nilpotent  but  not  zero  (since  R  is  essen¬ 
tial  in  R_,  )  contradicting  that  R  is  semiprime, 

B 

Proposition  7 ’ . 

Provided  that  char  R  is  square-free, 

R  semiprime  R^  semiprime. 

Proof ;  (<(— ) 

As  before. 

(— » 

Let  I  be  a  nonzero  nilpotent  ideal  of  R^  . 

Then  I  c  R  because  char  R  is  square-free. 

Therefore  I  is  a  nonzero  nilpotent  ideal  of  R  ,  contra¬ 
dicting  that  R  is  semiprime. 

Remark :  If  char  R  is  not  square-free,  R^  is  not  semiprime. 

Definition:  A  ring  R  is  said  to  be  torsion-free  if  no  nonzero 

right  annihilator  is  essential  in  R  . 


. 
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Remark:  Since  R  is  the  right  annihilator  of  £„(R)  ,  R„  exists 

K  B 

whenever  R  is  torsion-free. 


Proposition  8. 

R  torsion- free  <(— )  Rg  torsion-free. 


Proof :  (~}  ) 

Let  0  I^-^IR  be  an  essential  right  annihilator  in 
r  B 

R-  and  let  0  f  x  in  R_,  such  that  xl  =  0  . 

B  B 

0  ^  Rg  x  Rg  x  n  R  ^  0  (R  is  right  essential  in 

rb)  • 


“)>  there  exists  y  ^  0  in  R  such  that  yl  =  0  , 

But  InR  ^  0  (R  is  right  essential  in  R^)  and  is 

essential  in  R  .  Since  InR  c  r  (y)  ,  r  (y)  is  an 

K  K 

essential  right  annihilator  in  R  of  y  ?  0  . 

This  contradicts  that  R  is  torsion-free. 


«=) 


Let  I-^IR  be  an  essential  right  annihilator  of  y  #  0 
r 

in  R  . 

Then  I  is  essential  in  R^  by  proposition  2  . 

Since  I  c  r  (y)  ,  rD  (y)  is  essential  in  R^  ,  contra- 

bi  rb  13 

dieting  that  R  is  torsion-free. 

B 


Definition:  An  ideal  I  is  said  to  be  uniform,  if  when  A,B  are 

nonzero  ideals  contained  in  I  ,  A  B  ^  0  . 


■ 


' 


, 
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Definition ;  A  ring  is  said  to  be  tidy  if  it  contains  an  essential 
direct  sum  of  uniform  ideals. 

Proposition  9. 

R  tidy  \  R_  tidy. 

Proof :  (=)>) 

An  essential  direct  sum  of  right  ideals  in  R  is  a  right 
ideal  of  R  and  is  therefore  essential  in  R^  by 
proposition  2. 

«“) 

Let  J  =  i  IR  be  an  essential  direct  sum  in  R^  of  the 
nonzero  uniform  right  ideals  U.  . 

Suppose  £  (IRnR)  is  not  a  maximal  direct  sum  in  R  , 

Then  there  exists  I-^-"1R  such  that  I  +  £  (U,nR)  is  a 

r  1 

o 

direct  sum.  But  then  J  =  I  +  J  U.  must  also  be  a 

direct  sum,  which  is  a  contradiction.  Otherwise, 

x  +  J  U;L  =  0  ,xeI,u^eU  with,  say,  some  u^  ^  0  , 

Then  there  exists  r  e  R  such  that  u^r  f  0  (since 

fL  (R)  =  0)  implying  that  x  r  +  i  uj  =  0  where 
TIB  i 

u„r  4  0  .  Since  x  r  e  I  and  u,r  e  U.  n  R  ,  this  conta- 
3  .  i  i 

diets  that  I  +  1  U,  n  R  is  a  direct  sum. 

L  l 

Since  £  U  n  R  is  a  maximal  direct  sum  of  right  R 

ideals  it  is  right  essential  in  R  ,  and  since  each  tR 

is  uniform,  so  is  each  U.  n  R  . 

l 


Therefore  R  is  tidy. 
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Definition:  A  right  R  module  M  is  irreducible  if  MR  ^  0  and 

its  only  submodules  are  0  and  M  . 

Remark:  Since  every  irreducible  right  R  module  M  is  isomorphic 

to  R/I  where  I  is  a  maximal  right  ideal  of  R  (Herstein,  p.  8), 

irreducible  R  modules  are  also  R^  modules. 

Definition :  A  right  R  module  M  is  faithful  if  for  any  r  e  R  , 

Mr  =  0  2=y>  r  =  0  . 

Definition :  A  ring  R  is  right  primitive  if  it  has  a  faithful 

irreducible  right  module. 

Bergman  has  shown  that  a  right  primitive  ring  need  not  be 
left  primitive. 

Remark:  If  a  ring  R  is  either  right  or  left  primitive,  R^  can 

be  formed  because  primitive  rings  are  prime  (Herstein,  p.  42)  so 

that  £  (R)  =  0  . 

K 

Proposition  10. 

R  right  primitive  R^  right  primitive. 

Proof :  (=)>) 

Let  M  be  a  faithful  irreducible  right  R  module  and 
consider  it  as  an  R^  module. 

M(r,n)  =  0  =)  M(r,n)(r’,o)  =  0  for  each  rf  e  R  . 

— y  (r,n)(r’,o)  =  0  for  each  r'  e  R  ,  since  R^idRg 
=V  (r,n)  =  0  since  £  (R)  =  0  .  So  M  is  a  faithful 


V 


■ 


■ 
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Rg  module. 

Let  mRg  ^  M  for  some  m  e  M  .  Then  mR^  =  0  since 

mR  is  an  R-submodule  of  M  ,  which  is  irreducible  over 
B 

R  .  Since  MRgR  =  MR  ^  0 

Therefore  M  is  irreducible  over  R^  and  R  is 

B  B 

primitive . 

«-> 


we  have 


MRg  f  0 


Let 

\ 

be  primitive,  M 

a 

faithful  irreducible 

bb  ' 

module . 

Then 

R  c  Rb  =  M 

is 

a  faithful  R-module 

and 

MR  i 

0  . 

Let 

mR  4  M  ,  then 

mR  =  0  since  mR  is 

an 

R  -  submodule  of  M  ,  which  is  irreducible  over  R  . 
B  B 

Proposition  11. 

R  left  primitive  <(=)•  R  left  primitive. 


Proof :  (==>) 

Let  M  be  a  faithful  irreducible  left  R-module  and 


consider  it  as  an  Rg  module.  (r,n)M  =  0  “)• 


(r,n)(r',o)  M  =  0  for  each  r*  e  R  — ^  (r,n)(r’,o)  =  0 

(R^tUR^)  =)>  (r,n)  =  0  (JL  (R)  =  0)  .  The  rest  of  the 
13  Rr 

proof  parallels  that  of  the  previous  proposition. 


Remark :  In  the  above  proofs, 

R-module  M  an  irreducible 


we  have  seen  that 
module . 


M 


an  irreducible 


Definition:  A  right  ideal  of  R  is  said  to  be  irreducible  if  it 

is  irreducible  as  a  right  R-module. 


. 
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Definition:  The  socle  of  R  (soc  R)  is  the  sum  of  all  the  irreduci¬ 

ble  right  ideals  of  R  . 

Proposition  12. 

soc  R  =  soc  Rg  if 

Proof :  (3) 

Let  I  be  an  irreducible  right  ideal  of  R^  . 

I  n  R  f  0  (R  is  right  essential  in  R^)  I  nR  = 

I  =)>  I  c  R  .  So  soc  Rg  c  soc  R  . 

(Note  that  since  £  (R)  =0,1  is  actually  an  irreduci- 

K 

ble  R  ideal  because  IR  ^  0  )  . 

(c) 

I  an  irreducible  right  R  ideal  I  an  irreducible 
right  Rg  ideal.  (from  remark  following  proposition  11). 

Definition :  A  ring  R  is  semiperfect  if  it  is  completely  reducible, 

2 

(i.e.  R  =  soc  R)  ,  and  whenever  x  =  x  mod  J(R)  (the  Jacobson 
radical  of  R  )  ,  R  contains  an  idempotent  which  is  equivalent  to 
x  mod  J (R)  . 

Remark:  Since  soc  R^  =  soc  R  ,  R^  can  never  be  semiperfect  unless 

Rg  =  R  ,  that  is,  unless  R  already  has  an  identity. 

Definition :  A  ring  R  is  perfect  if  every  strictly  descending 

chain  of  principal  right  ideals  is  finite. 


exists 


.  jfi  If  i  srfgl**  altttoubatt*  «s  sd  I  ^sJ 

■ 
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Proposition  13. 

R  perfect,  char  R  f  0  <(=)■  R^  perfect. 

Proof :  (<(— ) 

R  is  obviously  perfect  and  if  char  R  =  0  ,  the  chain  of 
ideals  (0,2n)R^  ,  where  n  =  1,2,...  ,  does  not  terminate. 

<-» 

Let  3  o  .  .  .  be  a  strictly  descending  chain  of 
principal  right  ideals.  Since  R^/R  Is  artinian  when 
char  R  ^  0  ,  I  =>  R  for  some  n  and  so  is  generated 
by  (r,o)  e  R  since  R^  has  identity.  Because 
(r,o)(s,n)  =  (r,o)(s,o)  +  n(r,o)  ,  this  means  that 
I  (and  all  of  the  following  ideals  in  the  chain)  is 
principal  in  R  .  Since  R  is  perfect  and  Ij  c  R 
for  j  n  ,  the  chain  terminates. 

Remark:  If  R„  exists,  the  same  argument  shows  that  R  perfect, 

mode  R  ^  0  R  perfect. 

Definition:  A  ring  R  is  Noetherian  if  every  strictly  ascending 

chain  of  right  ideals  is  finit. 

Definition:  A  ring  R  is  artinian  if  every  strictly  descending 

chain  of  right  ideals  is  finite. 

If  R^  is  Noetherian  (artinian)  then  R^/R  ,  being  a 
homomorphic  image,  is  also  Noetherian  (artinian),  and  R  is  Noeth¬ 
erian  (artinian)  because  every  R-ideal  is  an  R^-ideal. 


. 

V 


' 
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A  similar  statement  holds  for 


Conversely,  if  R^/R  and  R  are  Noetherian  (artinian) 
then  is  Noetherian  (artinian)  and  a  similar  statement  is  true 

for  Rg  .  This  statement  can  be  proven  by  showing  that  two  R^  - 
ideals  I  and  J  are  equal  iff  I  n  R  =  J  n  R  and 
(I+R)/R  =  (J+R)/R  ,  as  Lang  (p.  143)  does  when  proving  a  similar 
statement  for  Noetherian  modules. 


From  all  this  we  have  the  following  propositions: 


Proposition  14. 


R  Noetherian  <(=*=)>  R.  (and  R  )  Noetherian. 

D 


Proof : 

R  /R  and  R  /R  are  always  Noetherian. 
A  B 


Proposition  15. 


R 

R 


artinian , 
artinian, 


char  R  ^ 
mode  R  ^ 


0  <>=>  Ra 
0  <“>Rb 


artinian 

artinian 


Proof : 

R./R  is  artinian  iff  char  R  >  0  . 

A 

Rg/R  is  artinian  iff  mode  R  >  0  . 

If  M  is  a  right  R-module,  it  is  also  a  unital  R^ 


module,  provided  M  char  ll  ~  0  . 


/ 


■ 
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Definition :  If  M  and  N  are  R-modules ,  Hom^(M,N)  is  the  set 

of  homomorphisms  from  M  to  N  . 

It  is  easily  seen  that  Hom^  (M,N)  =  Hom^  (M,N)  ,  when 

A 

M  char  R  =  0  and  N  char  R  =  0  . 

Definitions ;  A  right  R-module  M  is  projective  if  for  modules 
N  and  K  ,  when  f  :  N  ->  K  is  an  epimorphism  and  g  :  M  ->  K  is 
a  homomorphism,  there  exists  a  homomorphism  h  :  M  ->  N  such  that 
g  =  foh  ,  that  is  g(m)  =  f[h(m)]  for  m  e  M  . 


Definition:  A  right  R-module  M  is  injective  if  for  modules  N 
and  K  ,  when  f  :  N  -+  K  is  a  monomorphism  and  g  :  N  M  is  a 
homomorphism,  then  there  exists  a  homomorphism  h  :  K  M  such 
that  g  =  hof  . 


projective 

R. -module . 
A 


Since  Hom^(M,N)  =  Hon^  (M,N)  , 

A 

(injective)  R-module  iff  M  is 


we  see  that  M  is  a 
a  projective  (injective) 


Mo 

iff 


If 

M 

is  a  right 

R-module  and 

M£p  (R)  - 
ra 

0 

(  i .  e . 

where 

the 

first  zero 

is  that  of  Rg 

)  ,  then 

M 

is  a  unital 

module,  and,  as  before,  M  is  a  projective  (injective)  R-module 
M  is  a  projective  (injective)  R  module. 


Definition :  N(R)  =  Noether  radical  of  R  =  the  ideal  sum  of  all 

nilpotent  two-sided  ideals  of  R  . 


. 

/ 


' 


- 
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Proposition  16. 

N(R  )  =  N(R)  +  R  (o,m)  ,  where  m  =  0  if  char  R  is 
A  A  .  l 

p  ^  o  <*■  a  c  ^ 

square  free,  and  m  is  the  nilpotent-  of  all  the  distinct  primes 
of  char  R  otherwise. 

Proof :  (c) 

I^tdR  a  nilpotent  ideal  =)’  (by  prop.  3)  I  c  J  +  R(o,m) 
where  J^dR  is  nilpotent  and  m  is  chosen  as  in  the 
above  statement. 

Therefore  I  c  N(R)  +  R^(o,m)  . 

(3) 

N(R)  c  N(R^)  ,  and  if  m  is  chosen  as  above  R^(o,m) 
will  be  a  nilpotent  ideal. 

Definition:  U(R)  =  upper  nil  radical  of  R  . 

=  ideal  sum  of  all  nil  two-sided  ideals  in  R  . 


Proposition  17. 

U(Ra)  =  U(R)  +  R^(o,m)  where  m  is  chosen  as  in  proposi¬ 
tion  16. 

Proof :  (c) 

I^dR^  a  nil  ideal  I  c  J  +  R(o,m)  by  proposition  4, 

where  J  ^1R  is  nil  and  m  is  chosen  as  above. 

Therefore  I  c  U(R)  +  R^(o,m)  , 

(=>) 

U(R)  c  U(R  )  ,  and  if  m  is  chosen  as  above  R^(o,m) 
will  be  a  nil  ideal. 


' 

■ 
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Definition:  An  ideal  is  locally  nilpotent  if  every  finitely  genera 

ted  subring  is  nilpotent. 

Proposition  18. 

If  I *^R^  is  locally  nilpotent  then  I  c  J  +  R  (o,m) 
where  is  locally  nilpotent  and  m  is  nilpotent  modulo 

char  R  . 

Proof : 

We  see  this  by  noting  that  the  image  of  I  in  R^/R  ~ 

must  be  nilpotent,  so  that  I  c  R  +  R  (o,m)  for  some  m 

nilpotent  modulo  char  R  (choose  m  as  in  proposition 

3)  ,  and  defining  J  =  (r  e  R  |  (r,n)  e  I  for  some  n}  . 

We  have  J^IR  and  it  is  locally  nilpotent  because 

<{r.  I  (r„,n0)  e  I  ,  i  =  1  ...  N}>  is  contained  in 
l  l  i 

<{(r.,n.)  ,  i  =  1  ...  N}>  +  <{(o,m.)  I  i  =  1  ...  N}> 
l  i  i  1 

which  is  the  sum  of  two  nilpotent  ideals. 

We  can  make  a  similar  statement  in  R  ,  as  we  would  for 

D 

propositions  3  and  4. 

Definition:  L(R)  =  the  Levitzki  radical  of  R 

=  the  ideal  sum  of  the  two-sided  locally  nilpotent 

ideals  of  R  . 

Proposition  19. 

L(R  )  =  L(R)  +  R  (o,m)  where  m  is  chosen  as  in  proposi 


tion  16. 


■ 


- 


■ 
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Proof :  (c) 

by  definition  of  L(R^) 

(=>) 

locally  nilpotent  —)>  I  c  J  +  R^(o,m)  where 
J ^iR  is  locally  nilpotent,  and  m  is  chosen  as 
above,  so  we  have  I  c  L(R)  +  R  (o,m)  . 

Definition:  In  a  ring  R  ,  an  element  x  is  right  quasi-regular 

if  there  exists  y  e  R  such  that  x  +  y  4-  xy  =  0  . 

Remark:  Any  nilpotent  element  is  right  quasi-regular;  if  x™  =  0  , 

-i  .  2  3  i/i\  1  m—  1  i  j  a 

we  let  y=-x+x  -x  4-  ...  4-  (-1)  x  to  get  x  +  y  +  xy  =  0  . 

Definition:  J(R)  =  the  Jacobson  radical  of  R 

=  the  maximal  right  quasi-regular  ideal  of  R  . 

Remark:  Herstein  (p.  9)  defines  J(R)  to  be  the  intersection  of 

the  annihilators  of  all  irreducible  right  R-modules ,  or,  if  R  has 
no  such  modules,  to  be  R  .  He  then  shows  the  two  definitions  to 
be  equivalent. 

Definition :  If  J(R)  =  0  ,  R  is  said  to  be  semisimple. 

Proposition  20. 

J (R^)  =  J (R)  +  R^(o,m)  where  m  is  chosen  as  in  proposi¬ 


tion  16. 


' 


. 
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Proof: 

We  note  from  Herstein  (p.  16)  that  •=)>  J(R)  = 

jtx 

J(Ra)  n  R  . 

Case  1.  char  R  =  0 

Ra/R  ~  Z  is  semisimple  =*=/>  J(RA)  c  R 
— >  J(Ra)  =  J (R)  because  J (R)  =  J(R  )  n  R  . 

Case  2.  char  R  ^  0 

(=>) 

R  (o,m)  nilpotent  ==)>  right  quasi-regular 
==}  RA(o,m)  c  J(Ra) 

(<=) 

In  ra/r  ~  Z^  ,  we  have  N(Z^)  “  J(Z^)  because  Z^  is 
right  artinian  (Ribenboim,  p.  16). 

Therefore  J(RA)  c  R  +  RA(o,m)  .  So  we  have 
J(Ra)  -  J(RA)  n  (R  +  RA(o,m)) 

=  (J(RA)  n  R)  +  RA(o,m)  since  RA(o,m)  c  J  (R^) 

=  J (R)  +  RA(o ,m)  . 

Definition :  I^dR  is  a  prime  ideal  if  AZlR  ,  B^IR  ,  AB  c  I 
A  c  I  or  B  c  I  . 

Definition :  P(R)  =  prime  radical  of  R  =  the  intersection  of  all 


prime  ideals  of  R  . 


■ 
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Definition:  An  element  a  of  R  is  strongly  nilpotent  if  every 

sequence  {a_^}  such  that  a^+^  £  ai^ai  aS  ultamately  zero>  where 

a  =  a  . 
o 

Lambek  (p.  56)  shows  that  the  prime  radical  is  the  set 
of  all  strongly  nilpotent  elements.  Although  he  assumes  all  rings 
have  identity,  this  particular  proof  does  not  use  the  assumption. 

Proposition  21. 

P(R  )  =  P(R)  +  R  (o,m)  where  m  is  chosen  as  in  propo- 

A  A 

sition  16. 

Proof:  (d) 

R^(o,m)  consists  of  strongly  nilpotent  elements  if  (o,m) 
is  nilpotent  since  (o,m)  is  in  the  center  of  R  ,  so 
that  R^(o,m)  c  P(R  )  .  Since  all  R  ideals  are  R^ 
ideals ,  every  prime  ideal  of  R^  intersects  R  in  a 
prime  ideal,  so  that 

n{I^dR  |  I  prime}  c  n  (I^IR^  |  I  prime} 

i.e.  P (R)  c  P(Ra)  . 

(c) 

P(R  )  c  R  +  R  (o,m)  because  strongly  nilpotent  elements 

A  A 

are  nilpotent. 

P(Ra)  n  R  c  P(R)  because  elements  of  R  which  are 

i 

strongly  nilpotent  in  R^  will  be  strongly  nilpotent  in 


R.  From  this 
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P(Ra)  =  P(Ra)  n  (R  +  RA(o,m)) 

=  (P(R^)nR)  +  RA(o,m)  since  RA(o,m)  c  P(R^) 
c  P(R)  +  R^(o,m)  . 


Remark:  Propositions  16,  20  and  21  are  easily  proven  for  R^  by 

substituting  the  use  of  proposition  3*  for  that  of  proposition  3. 


In  the  same  way,  proving  proposition  4  for  R  enables 

D 

us  to  prove  proposition  17  for  R^  and  proving  proposition  18  for 
enables  us  to  prove  proposition  19  for  R^  . 
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